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Abstract
We prove a retarded nonlinear integral inequality and present some applications of it to the global
existence of solutions to differential equations with time delay.
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1. Pachpatte [7] generalized an interesting integral inequality due to Ou-Iang [6]. In this
paper we present retarded versions of the Ou-Iang and Pachpatte inequalities. Our results
can be used to give criteria ensuring the global existence of solutions to the generalized
Liénard equation with time delay and to a retarded Rayleigh type equation.
2. In this section we prove some retarded integral inequalities.
Theorem 1. Let u, f , and g be nonnegative continuous functions defined on R+ and let c
be a nonnegative constant. Moreover, let w ∈C(R+,R+) be nondecreasing with w(u) > 0
on (0,∞) and α ∈ C1(R+,R+) be nondecreasing with α(t) t on R+. If
u2(t) c2 + 2
α(t)∫
0
[
f (s)u(s)w
(
u(s)
)+ g(s)u(s)]ds, t ∈R+, (1)
then for 0 t  t1,
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[
Ω
(
c+
α(t)∫
0
g(s) ds
)
+
α(t)∫
0
f (s) ds
]
, (2)
where
Ω(r)=
r∫
1
ds
w(s)
, r > 0,
Ω−1 is the inverse of Ω , and t1 ∈R+ is chosen so that
Ω
(
c+
α(t)∫
0
g(s) ds
)
+
α(t)∫
0
f (s) ds ∈Dom(Ω−1)
for all t ∈R+ lying in the interval 0 t  t1.
Proof. Let us first assume that c > 0. Define the nondecreasing positive function z(t) by
the right-hand side of (1) and let
p(t)= c+
α(t)∫
0
g(s) ds, t  0.
Then z(0)= c2, u(t)√z(t), and
z′(t)= 2[f (α(t))u(α(t))w(u(α(t)))+ g(α(t))u(α(t))]α′(t)
 2
√
z
(
α(t)
) [
f
(
α(t)
)
w
(√
z
(
α(t)
) )+ g(α(t))]α′(t).
Since α(t) t on R+, we deduce that
z′(t) 2
√
z(t)
[
f
(
α(t)
)
w
(√
z
(
α(t)
) )+ g(α(t))]α′(t).
The above relation gives
z′(t)
2
√
z(t)

[
f
(
α(t)
)
w
(√
z
(
α(t)
) )+ g(α(t))]α′(t).
An integration on [0, t] yields
√
z(t) p(t)+
α(t)∫
0
f (s)w
(√
z(s)
)
ds.
Let T  t1 be an arbitrary number. From above relation we deduce that
√
z(t) p(T )+
α(t)∫
f (s)w
(√
z(s)
)
ds, 0 t  T .0
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√
z(t)Ω−1
[
Ω
(
p(T )
)+
α(t)∫
0
f (s) ds
]
, 0 t  T .
Taking t = T in the above inequality and using the fact that u(t)√z(t) is true for t = T ,
we obtain
u(T )Ω−1
[
Ω
(
p(T )
)+
α(T )∫
0
f (s) ds
]
.
Since T  t1 is arbitrary we proved the desired inequality (2).
If c= 0, we carry out the above procedure with ε > 0 instead of c and subsequently let
ε→ 0. ✷
Remark. (i) Setting α(t) ≡ t in Theorem 1, we obtain Pachpatte’s generalization [7] of
Ou-Iang’s inequality [6].
(ii) If ∫∞1 (1/w(s)) ds =∞, then Ω(∞)=∞ and (2) is valid on R+. Examples of such
functions are w(u)≡ u and w(u)≡ u ln(1+ u).
Corollary 1. Let u and g be nonnegative continuous functions defined on R+ and let c be
a nonnegative constant. If α ∈C1(R+,R+) is nondecreasing with α(t) t on R+, and
u2(t) c2 + 2
α(t)∫
0
g(s)u(s) ds, t  0,
then
u(t) c+
α(t)∫
0
g(s) ds, t  0.
Remark. For α(t)≡ t , Corollary 1 becomes Ou-Iang’s inequality (see [8]).
Corollary 2. Let u, f , and g be nonnegative continuous functions defined on R+ and let c
be a nonnegative constant. Moreover, let α ∈C1(R+,R+) be nondecreasing with α(t) t
on R+. If
u2(t) c2 + 2
α(t)∫
0
[
f (s)u2(s)+ g(s)u(s)]ds, t  0,
then
u(t)
(
c+
α(t)∫
0
g(s) ds
)
exp
[ α(t)∫
0
f (s) ds
]
, t  0.
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rem 1(a1)]. In this context, let us note that the hypotheses of Corollary 2 imply that
u2(t) c2 + 2
t∫
0
[
f (s)u2(s)+ g(s)u(s)]ds, t  0.
Hence Pachpatte’s inequality [7] could be applied in order to obtain an upper estimate
for u(t). However, the estimate provided by Corollary 2 is sharper. To see this, let c = 1,
α(t)≡ ln(t + 1), and f (t)≡ g(t)≡ 1/(t + 1). Pachpatte’s inequality yields
u(t) (t + 1)(1+ ln(t + 1)), t  0,
while Corollary 2 yields
u(t)
[
1+ ln(t + 1)](1+ ln(1+ ln(t + 1))), t  0.
(ii) For g ≡ 0, Corollary 2 becomes a retarded Gronwall-like inequality established
recently in [5, p. 391].
Theorem 2. Let u, f , and g be nonnegative continuous functions defined on some interval
[0, T ) and let c be a nonnegative constant. Moreover, let w ∈ C(R+,R+) be nondecreasing
with w(u) > 0 on (0,∞) and ∫∞1 (1/w(s)) ds =∞. If α ∈ C1(R+,R+) is nondecreasing
with α(t) t on R+ and
u2(t) c2 + 2
α(t)∫
0
f (s)u(s)w
(
u(s)
)
ds + 2
t∫
0
g(s)u(s)w
(
u(s)
)
ds, 0 t < T ,
(3)
then
u(t)Ω−1
[
Ω(c)+
α(t)∫
0
f (s) ds +
t∫
0
g(s) ds
]
, 0 t < T , (4)
where Ω : (0,∞)→ (Ω(0),∞) is the C1-diffeomorphism defined by
Ω(r)=
r∫
1
ds
w(s)
, r > 0,
and Ω−1 is its inverse.
Proof. Like in the proof of Theorem 1, let us first assume that c > 0. Denoting the right-
hand side of (3) by z(t), the same steps as in the case of Theorem 1 lead to
z′(t)√  f (α(t))w(√z(α(t)) )α′(t)+ g(t)w(√z(t) ).
2 z(t)
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√
z(t) c+
t∫
0
g(s)w
(√
z(s)
)
ds +
α(t)∫
0
f (s)w
(√
z(s)
)
ds, 0 t < T .
An application of Proposition 1 in [5] yields
√
z(t)Ω−1
[
Ω(c)+
α(t)∫
0
f (s) ds +
t∫
0
g(s) ds
]
, 0 t < T .
Since u(t)
√
z(t) on [0, T ), inequality (4) follows at once.
The case c= 0 can be handled by repeating the above procedure with  > 0 and subse-
quently letting → 0. ✷
3. In this section we will show that our results are useful in proving the global existence
of solutions to certain differential equations with time delay. These applications are given
as examples.
We first recall some basic facts. Consider the functional differential equation{
X′(t)=H(t,X(t),X(α(t))),
X(0)=X0, (5)
with X0 ∈Rn, H ∈ C(R+ ×R2n,Rn), and α ∈C1(R+,R+) satisfying α(t) t for t > 0.
A result in [4] guarantees that for every X0 ∈Rn, Eq. (5) has a solution. Without additional
hypotheses on H , the uniqueness of solutions is not granted. However, every solution of (5)
has a maximal time of existence T > 0 and if T <∞, then
lim sup
t↑T
∥∥X(t)∥∥
Rn
=∞.
We present now two applications of the results from Section 2.
Example 1. Consider the generalized Liénard equation with time delay{
x ′ = y − F(x),
y ′ =G(t, x(t − τ (t))), (6)
where F ∈ C1(R,R), G ∈ C(R+×R,R), τ ∈C1(R+,R+), and τ (t) t on R+. If α(t)≡
t − τ (t) is an increasing diffeomorphism of R+ and
−xF(x) |x|v(|x|), x ∈R,
G2(t, x) h(t)|x|v(|x|), (t, x) ∈R+ ×R,
for some nondecreasing function v ∈ C(R+,R+) with the properties v(u) > 0 for v > 0
and
∫∞
1 (1/v(s)) ds =∞, then all solutions of (6) are global.
Indeed, if (x(t), y(t)) is a solution to (6) defined on the maximal existence interval
[0, T ), let u(t)=√x2(t)+ y2(t) for t ∈ [0, T ). Then, using (6) and our hypotheses on the
functions F and G, we obtain that
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dt
u2(t)= 2xx ′ + 2yy ′ = 2xy − 2xF(x)+ 2yG(t, x ◦ α)
 x2 + y2 − 2xF(x)+ y2 +G2(t, x ◦ α)
 2u2 + 2uv(u)+ h(t)|x ◦ α|v(|x ◦ α|), 0 < t < T .
With w(u) := u+ v(u), an integration on [0, t] with t < T yields
u2(t) u2(0)+ 2
t∫
0
u(s)w
(
u(s)
)
ds +
t∫
0
h(s)
∣∣x(α(s))∣∣v(∣∣x(α(s))∣∣)ds
 u2(0)+ 2
t∫
0
u(s)w
(
u(s)
)
ds +
t∫
0
h(s)
∣∣x(α(s))∣∣w(∣∣x(α(s))∣∣)ds
= u2(0)+ 2
t∫
0
u(s)w
(
u(s)
)
ds +
α(t)∫
0
h(α−1(r))
α′(α−1(r))
∣∣x(r)∣∣w(∣∣x(r)∣∣)dr,
 u2(0)+ 2
t∫
0
u(s)w
(
u(s)
)
ds + 2
α(t)∫
0
h(α−1(r))
α′(α−1(r))
u(r)w
(
u(r)
)
dr,
after performing the change of variables r = α(s) at some intermediate step. Above α−1 is
the inverse of the diffeomorphism α. Our hypotheses on v guarantee that
∫∞
1 (1/w(r)) dr=∞ (see [2]). Therefore, if
W(r)=
r∫
1
ds
w(s)
, r > 0,
then from Theorem 2 we deduce that
u(t)W−1
[
W
(
u(0)
)+ t +
α(t)∫
0
h(α−1(r))
α′(α−1(r))
dr
]
=W−1
[
W
(
u(0)
)+ t +
t∫
0
h(s) ds
]
, 0 t < T .
This proves that u(t) does not blow-up in finite time. Therefore T =∞ and all solutions
of (6) are global.
Remark. The problem of the global existence of the solutions to (6) was also considered
in [2,5,10]. Observe that if
G(t, x)≡ x and F(x)≡ x3 on R,
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τ (t)=
{
0 if t ∈ [0,1],
1
2 ln(t
2 − 2t + 2) for t  1,
then our results ensure the global existence of all solutions to (6). To see this, it suffices to
take v(u)≡ u, h(t)≡ 1, and to check that α(t)≡ t − τ (t) is an increasing diffeomorphism
of R+. However, none of the global existence results presented in [2], [5], or [10] are
applicable in this case. Indeed, we cannot find a nondecreasing function w ∈ C(R+,R+)
with w(u) > 0 for u > 0 and
∫∞
1 (1/w(s)) ds =∞, such that∣∣F(x)∣∣= |x|3 w(|x|), x ∈R.
Therefore in the presented case one cannot conclude global existence from the results
in [2,5]. Also, since in [10] it was assumed that{
t > 0: τ (t)= 0}= ∅
and we have τ ≡ 0 on [0,1], we see that the case is not covered by the result in [10].
Example 2. Consider the Rayleigh equation with time delay{
x ′ = y,
y ′ = −F(y)−G(x(α(t))), (7)
where F,G ∈ C(R,R), α ∈ C1(R+,R+), and α(t)  t for t  0. If α is an increasing
diffeomorphism of R+ and
−xF(x) |x|v(|x|), G2(x) |x|v(|x|), x ∈R,
for some nondecreasing function v ∈ C(R+,R+) with the properties v(u) > 0 for u > 0
and
∫∞
1 (1/v(s)) ds =∞, then all solutions of (7) are global.
Indeed, if (x(t), y(t)) is a solution to (7) defined on the maximal existence interval
[0, T ), let u(t)=√x2(t)+ y2(t) for t ∈ [0, T ). Then
d
dt
u2(t)= 2xx ′ + 2yy ′ = 2xy − 2yF(y)− 2yG(x ◦ α)
 x2 + y2 − 2yF(y)+ y2 +G2(x ◦ α)
 2u2 + 2uv(u)+ (u ◦ α)v(u ◦ α)
 2u
[
u+ v(u)]+ 2(u ◦ α)[(u ◦ α)+ v(u ◦ α)], 0 < t < T,
if we take into account our hypotheses on F and G. Denoting w(u) := u+ v(u) and inte-
grating the above inequality on [0, t] with t < T , we obtain
u2(t) u2(0)+ 2
t∫
0
u(s)w
(
u(s)
)
ds + 2
t∫
0
u
(
α(s)
)
w
(
u
(
α(s)
))
ds
 u2(0)+ 2
t∫
u(s)w
(
u(s)
)
ds + 2
α(t)∫ 1
α′(α−1(r))
u(r)w
(
u(r)
)
dr,0 0
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∞∫
1
ds
s + v(s) =∞
(see [2]). If
W(r)=
r∫
1
ds
w(s)
, r > 0,
then Theorem 2 implies
u(t)W−1
[
W(u(0))+ t +
α(t)∫
0
1
α′(α−1(r))
dr
]
=W−1[W(u(0))+ 2t], 0 t < T .
Hence u(t) is bounded on [0, T ) if T <∞. We conclude that all solutions of (7) are global.
Remark. Letting α(t) ≡ t in Example 2 we obtain a criterion for the global existence
of solutions to the Rayleigh equation x ′′ + F(x ′) + G(x) = 0. This problem was also
considered in [3,9]. Observe that in the case
F(x)≡ x and G(x)≡ x sin(x) on R,
our results (with v(u)≡ u) guarantee that all solutions of the Rayleigh equation are defined
globally in time. However, since the function x → xG(x) changes sign in every neighbor-
hood of infinity, this conclusion cannot be reached by applying the results in [3] or [9].
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